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Abstract 
 
Social interaction dynamics are a special type of group interactions that play a large part in our everyday lives. 
They dictate how and with whom a certain individual will interact. One of such interactions can be termed 
“avoidance control”. This everyday situation occurs when two fast-walking persons suddenly realize that they are 
on a frontal collision course and begin maneuvering to avoid collision. If the two walkers' initial maneuverings 
are in the same direction that can lead to oscillations that lengthen time required to reach a stable avoidance 
trajectory. We introduce a dynamical model with a feedback loop to understand the origin and properties of this 
oscillation. For the emergence of the oscillatory behavior, two conditions must be satisfied: i) the persons must 
initiate the avoidance maneuver in the same direction; ii) the time delays in the feedback loop must reverse the 
phase of the players’ positions at the oscillation frequency. The oscillation can be terminated at any time if one 
of the walkers decides to stop and/or to communicate. By taking over the control of the situation the walker cuts 
the feedback loop. Similar oscillatory situations may potentially cause major collisions between autonomous 
vehicles and airplanes with airborne communications, but in autopilot mode. 
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1. Introduction 
 
The modeling of conflict in dynamical control systems subject to multiple controlling agents, or the field of 
differential games, has been intensively examined in literature since its origin with Rufus Isaacs in 1965 [1]. A 
classic example is the homicidal chauffeur problem, which features a pursuing and an evading agent. Leitmann 
and Skowronski [2] consider a generalization of such systems where one of the agents seeks to evade the other, 
while the second one moves with a prescribed set of possible trajectories; here, no two-way interaction (feedback 
loop) exists. The analysis of such problems is potentially applicable to any area featuring collision prevention as 
an objective, such as maritime and avionic avoidance control [3]. In this paper, we examine a dynamical system 
in which both agents, initially on a collision course, seek avoidance of the other. We show that, within certain 
parameters, feedback inherent in this system is supportive of oscillation. The presence of this oscillation increases 
the time necessary for the two agents to escape collision, and thus increases the time requirement of the avoidance 
maneuver. Similar oscillatory situations may potentially cause major collisions between autonomous vehicles or 
cars in autopilot mode, especially given that avoidance problems have already lead to two fatal accidents with the 
Tesla car in autopilot mode [4,5]. Another obviously relevant topic is the emerging aviation technology Airborne 
Communications [6,7] where malfunctioning avoidance control can potentially lead to major accidents. 
 
2. Model 
 
First, to illustrate the mechanism leading to oscillations in avoidance control we use a simplified two-dimensional 
model. Consider the situation where two persons, Alice and Bob, are walking towards each other on a collision 
course with paths parallel to the x axis (see Figure 1) at coordinates  rA(t)  and  rB(t) . We assume that Alice and 
Bob realize the danger of collision at the same time. When this happens, in order to avoid collision, they will 
initiate avoidance maneuvers by adding correcting velocity components ( vA
y  and vB
y ) in the y direction. The 
conditions for avoidance are determined by multiple factors, including the widths of the persons, their distance 
and velocity.  
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Figure 1. The generic situation. Alice (A) and Bob (B) are proceeding along the y axis in the opposite direction. When the difference of the 
𝑦 coordinate of their center is less than 𝑅, they are on a collision course and an avoidance control maneuver is required. 
 
For the purposes of our model, we combine these factors into a single parameter 𝑅, called the collision radius. 
Given that the two objects move parallel to the x axis, Alice and Bob are on a collision course when the following 
inequality is satisfied: 
 
|𝑦𝐴(𝑡) − 𝑦𝐵(𝑡)| < 𝑅  .  (1) 
 
   
When the y components of the initial coordinates of Alice and Bob are identical, Ay = By , then they are on a 
frontal collision course and the signs of vA
y  and  are chosen randomly, with an assumed 0.5 probability. First, 
suppose, the correcting velocity components satisfy |𝑣𝑦|𝐴 = |𝑣
𝑦|𝐵 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. If Alice and Bob choose the 
same sign for their correcting velocity components, this first step of the avoidance maneuver is unsuccessful 
because they are on a new frontal collision course. If during the next maneuvers their random choices remain 
identical they will execute synchronized oscillations, as can be observed during certain everyday situations.  
 
In general, the collision avoidance is a highly complex phenomenon with a number of dynamical parameters in 
R and the control of all velocity components during the maneuvering. Factors include differences between Alice 
and Bob in their judgments, time-delayed decisions, actions, and in the components vA
y  and vB
y , as well as 
modulation of the x-components of the velocities. Moreover, the perceived collision radius R(...) can not only be 
asymmetric between Alice and Bob but also depends on a number of variables such as speed, distance, boundary 
conditions, cognition characteristics and even the personality of the walker. 
 
In this paper, our goal is to set up and analyze a "minimalist" model of human avoidance control that captures the 
essence of the mechanism of oscillations. We will see that confinement in the y direction can enhance the lifetime 
of oscillations. Conversely, asymmetries in the properties of Alice and Bob, such as differences in physiological 
and psychological responses (e.g. time delay, correcting velocity, decision statistics) can assist the termination of 
this synchronicity. 
 
To simplify our model, we have quantized the inhabitable y-positions to a discrete set. Two scenarios were 
constructed within this model. In the first case, that is a binary model we have restricted the inhabitable y-positions 
to two possible values. The second scenario represents an increase in complexity with a ternary model including 
three possible values. First we address the time delays in these discrete models. 
 
 
2.1 Time delays in the feedback loop 
 
For the following discussion we will assume that the time-delay parameters of Alice and Bob can be combined 
into single parameters 𝛼𝐴 and 𝛼𝐵. This leads to an effective feedback loop in the positions where the position of 
Alice 𝑟𝐴⃗⃗  ⃗(𝑡) and the position of Bob 𝑟𝐵⃗⃗  ⃗(𝑡) is converted by some function into the position of Bob, after a time 
delay of 𝛼𝐵, and vice-versa for Alice.  
 
vB
y
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Figure 2. The simplified feedback loop and the times delay in the discrete models. 
 
 
 
2.2 Binary model 
 
Within our first scenario, the agents are constrained to move in the opposite directions on one of two 
antiparallel paths: along 𝑦 =  𝑦+ = ℎ or 𝑦 = 𝑦− = −ℎ. Physically, this mimics a situation where space is 
limited, as in the case of two persons meeting in a narrow corridor which is just wide enough for two. The 
geometry of this scenario is illustrated in Fig. 3.  
 
 
 
Figure 3. An illustration of the discrete binary avoidance control model with two possible paths of motion, mimicking the real life situation 
of two persons in a narrow hallway attempting bypass each other. 
 
 
If the agents possess at all times a perfect awareness of the situation (without lag), and can act instantaneously 
in response, it is reasonable in the “narrow hallway” limit of this model to suppose that suitable avoidance 
trajectories will be determined by their relative distance in the 𝑦-direction: 
 
Δ𝑦 = |𝑦𝐴 − 𝑦𝐵| (2) 
 
When this quantity is smaller than the collision radius, Δ𝑦 < 𝑅, each agent will perform an avoidance control 
maneuver by changing their position to the other available path. In this limit, they would enter an infinitely fast 
oscillation.  
However, in the real world thoughts and actions cannot occur instantaneously. To make our model more 
realistic, we introduce time delays into the actions of Alice and Bob. One way in which we can do this is by 
restricting subsequent actions by Alice or Bob to occur only after respective time intervals of 𝛼𝐴 and 𝛼𝐵. Then 
we can make the avoidance control parameter a time average of the relative distances over the 𝛼 time delay 
rather than its instantaneous value. This gives us the integral  
 
1
𝛼
∫ |𝑦𝐴[𝑡] − 𝑦𝐵[𝑡]|
𝛼
𝑡−𝛼
 (3) 
 
After every time interval of 𝛼𝐴 or 𝛼𝐵, Alice and Bob compare the value of this quantity to the collision radius 𝑅.  
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If the evaluated average difference is smaller than the collision radius as below, then the agent will perform an 
avoidance action.  
 
𝑅 >
1
𝛼
∫ |𝑦𝐴[𝑡] − 𝑦𝐵[𝑡]|
𝛼
𝑡−𝛼
   (4) 
 
 
Let us set the agents on a collision course by initially requiring them both to occupy 𝑦(𝑡 = 0) = 𝑦+. If both agents 
possess an identical delay of 𝛼, then they will both move to 𝑦(𝑡 = 𝛼) = 𝑦−. However, at this point both agents 
once again occupy the same y-position, and will switch to 𝑦(𝑡 = 2𝛼) = 𝑦+, leading to an oscillation from which 
neither object will escape until collision. 
 
It is also interesting to consider the cases when Alice and Bob have differing delays. In particular, let us analyze 
the scenario 𝛼𝐴 < 𝛼𝐵. In this case, Alice will be the first to move to 𝑦− at 𝑡 = 𝛼𝐴. For any oscillation to occur, 
Bob’s evaluation of the average relative distance must yield a value smaller than 𝑅. Thus, for oscillation to begin, 
we have the constraint 
 
𝑅 >
1
𝛼𝐵
∫ |𝑦𝐴[𝑡] − 𝑦𝐵[𝑡]|
𝑡
𝑡−𝛼𝐵
 = 2ℎ (
𝛼𝐵−𝛼𝐴
𝛼𝐵
 ) (5) 
 
Assuming this initial condition is met, and that Alice continues to evade with each subsequent step, then we can 
calculate the number of maneuvers executed by Alice and Bob. After Alice moves at 𝑡 = 𝛼𝐴, Bob will continue 
on his original track for another 𝛼𝐵 − 𝛼𝐴, at which point the decision inequality for Bob is no longer satisfied.  In 
this simplistic model, for each maneuver made by Bob, the systems are delayed by an additional time-difference 
of 𝛼𝐵 − 𝛼𝐴. The system will cease to oscillate when 𝑅 > 2ℎ
𝑛(𝛼𝐵−𝛼𝐴)
𝛼𝐵
, where 𝑛 is the number of maneuvers that 
have been executed by Alice. Thus, the system supports oscillatory behavior while the following inequality holds 
true:  
 
𝑛 <
𝑅
2ℎ
(
𝛼𝐵
𝛼𝐵−𝛼𝐴
)  (6) 
 
where Bob has made 𝑛 − 1 maneuvers.  
 
The caveat to this simple result is the scenario where there exists an integer 𝑛 such that  
𝑅𝛼𝐴
2ℎ(𝛼𝐵− 𝛼𝐴)
< 𝑛 <
𝑅𝛼𝐵
2ℎ(𝛼𝐵− 𝛼𝐴)
. Under these conditions Bob switches too slowly for Alice’s evasion condition to be 
met during that time step, despite not having reached avoidance, and it takes Alice until the next time step to 
maneuver away. This is an artifact of setting hard bounds on un-weighted decision time-integrals, which we have 
chosen for the sake of simplicity. On the other hand, the system is no longer in regime of the simple one-to-one 
stepping behavior we wished to examine in this paper, so to circumvent this we only chose parameters such that: 
 
𝑅𝛼𝐵
2ℎ(𝛼𝐵−𝛼𝐴)
− 𝑓𝑙𝑜𝑜𝑟 [
𝑅𝛼𝐴
2ℎ(𝛼𝐵−𝛼𝐴)
] > 1   (7) 
 
2.3 Ternary model 
 
The ternary model allows for three possible courses which the agents may travel along: 𝑦 = 0,±ℎ. It represents 
a system where the agents have more room to perform an avoidance maneuver than in the binary model. Here, 
for simplicity, we will assume that the time delays of the agents are identical, and again, that the sidestepping 
action itself occurs instantaneously. 
 
The two agents are on a collision course at 𝑦(𝑡 = 0) = 0. However, now instead of deterministically evading to 
𝑦 = ℎ, we allow a random decision between the two courses. If, after the first time-step, one agent evades to 𝑦 =
−ℎ, while the other goes to 𝑦 = ℎ, they are no longer on a collision course, and thus their avoidance maneuvers 
are finished. Therefore, there is a 50% chance that no oscillation will occur in the system. Assuming that an 
oscillation has been initiated, both agents will deterministically return to 𝑦 = 0, and once again make a random 
decision to evade in either direction. Within the parameters of this model, it is simple to calculate the probability 
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distribution of the number of oscillations completed before avoidance is reached. With each completed oscillation, 
there is a 50% chance that the parties will successfully complete their maneuver. Thus, the probability of reaching 
𝑛 oscillations within this model is an exponentially decaying function 
 
𝑃(𝑛) = (0.5)𝑛  (8) 
 
 
3. Computer simulations 
 
The binary and ternary models were realized by computer simulations. Both models behave as expected under 
the imposed specifications, and follow quantitatively the models above.  
 
 
3.1 Binary model 
 
For the purposes of computer simulation, time is discretized, and the parameters of the binary model are set to 
ℎ = 1 and 𝑅 = 0.5. In order to set Alice and Bob on a collision course, we begin with both at 𝑦 = 𝑦+: 
 
𝑦𝐴[𝑡 = 0] = 1 ,   𝑦𝐵[𝑡 = 0] = 1   (9) 
 
In addition, since in our simulation the time and 𝑥-position values are restricted to discrete values, the time 
average in the inequality for our switching condition becomes 
 
𝑅 >
1
𝛼𝐴𝐵
∑ |𝑦𝐴[𝑡] − 𝑦𝐵[𝑡]|
𝑡
𝑡−𝛼𝐴𝐵
   (10) 
 
In the case of 𝛼𝐴 = 𝛼𝐵 = 100, the two agents are identical, and the binary system enters a perfect oscillation as 
shown in Fig 4: (a) from which the agents do not escape. We can see from the simulation that the agents 
simultaneously switch with a frequency of 𝛼, as expected from our model. Even though time and space are 
discrete, the integral in equation (2) will give the same result as the sum in (5), because we have assumed that 
switching is instantaneous, yielding trajectories that are step-functions in 𝑦. Simulations of the binary model were 
also performed with an increasing delay difference between Alice and Bob. Fig. 4 (b) shows the case where a 
finite number of oscillations occur. We also know from the binary model that at a certain point Alice will be able 
to avoid Bob without Bob having to maneuver at all, which is demonstrated in Fig. 4: (d). We can find this limit 
by solving the inequality given by equation (3), which yields Δ𝛼0 =
𝑅
2ℎ
𝛼𝐵 where Δ𝛼0 is the minimum difference 
in delay times where Bob does not deviate from his original course. The total number of maneuvers performed is 
still given by equation (4). In Fig. 5 we have plotted the number of maneuvers performed by Bob with a constant 
time-delay of 𝛼𝐵 = 100 versus the time-delay 𝛼𝐴. We can see that the functional relationship matches exactly 
our prediction from equation (4), and that the zero-oscillation point for 𝑅 = 0.5 and ℎ = 1 is Δ𝛼0 = 25, 
confirming our quantitative prediction.  
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(a) 
 
 
(b) 
 
 
 
(c) 
 
 
 
(d) 
 7 
 
 
Figure 4. Binary model trajectories for increasing ratio 𝑟 =
𝛼𝐴
𝛼𝐵
.  
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3.2 Ternary model 
 
Within the ternary model, each return to the null position represents a nonzero probability of exiting the oscillation 
and completing the avoidance maneuver. Fig. 5 displays the transient behavior of a single system with 𝛼𝐴 = 𝛼𝐵 =
10. 
.  
Figure 5. Ternary model trajectory with ratio 𝑟 =
𝛼1
𝛼2
= 1. 
 
 
 
Figure 6. Ensemble-averaged ternary model trajectory and oscillation lifetime probability density. 
 
As stated in equation (5), the probability of reaching 𝑛 oscillations decays as 𝑃(𝑛) = (0.5)𝑛 . 
 
By sampling the system numerous times, we attained a decaying exponential probability distribution, as can be 
seen in Fig. 6, which agrees with our calculation. Thus, we see that when the complexity of the system is increased 
by adding a statistical element, the additional room for deviation from oscillatory conditions can drastically reduce 
the lifetime of this phenomenon.  
 
 
4. Conclusion 
 
In conclusion, we have constructed the simplest models which will exhibit oscillatory behavior in an avoidance 
control problem. We have calculated the total number of evasive actions necessary in the binary problem, as well 
as the distribution for the lifetimes of oscillatory behavior in the ternary regime. Computer simulations were 
carried out to model these scenarios, and results agreed with the analytical calculations. Increasing the degrees of 
variability in the system produce a quicker degeneration of oscillatory behavior. Optimal strategies for the 
minimization of this effect could be the objects of future studies. 
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